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Abstract In this paper, we study a special class of Finsler metrics, (a, /3)-metrics, 
defined by F = a(j){(3/a), where a is a Riemannian metric and /3 is a 1-form. We 
find an equation that characterizes Ricci-flat (a, /3)-metrics under the condition 
that the length of f5 with respect to a is constant. 
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1 Introduction 

Riemannian metrics on a manifold are quadratic metrics, while Finsler metrics are 
those without restriction on the quadratic property. The Riemannian curvature 
in Riemannian geometry can be extended to Finsler metrics as a family of linear 
transformations on the tangent spaces. The Ricci curvature is the trace of the 
Riemann curvature. It is a natural problem to study Finsler metrics with isotropic 
Ricci curvature Ric = Ric{x, y) and 


Ric = {n — (1) 
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where r = t{x) is a scalar function on the n-dimensional manifold and F{x,y) is 
a Finsler metric. Such metrics are called Einstein Finsler metrics. 

In this paper, we consider Einstein metrics defined by a Riemannian metric a 
and 1-form (3 in the following form: 

F = a(j){s), s= (2) 

a 

where (j) = (j){s) is a positive smooth function. Finsler metrics defined in ([2]) are 
called (q, /3)-metrics. 

The simplest (a, /3)-metrics are Randers metrics also defined hy F = a + P- 
In [1], Bao-Robles find equations on a and /3 that characterize Randers metrics 
of constant Ricci curvature. There are many Randers metrics of constant Ricci 
curvature. Thus one just needs to focus on Ricci-flat (a,/?)-metrics. In [3] and [3, 
the authors obtained equations on a, P and p that characterize Ricci-flat (a, /?)- 
metrics of Douglas type. In [S], the authors obtained equations on a, /3 and p that 
characterize Ricci-flat (a, /3)-metrics which is not of Douglas type. In this paper, 
we show that there are some more Ricci-flat (a, /3)-metrics. 

In this paper, we prove the following theorem. 

Theorem 1.1 Let E = ap{s)^s = /3/q; be an (a,/3)-metric on an n-dimensional 
manifold M where a = sjaijy’-y^ is a Riemannian metric, P = Ey* is a 1-form and 
p = p{s) is a positive C°° function. Suppose that a, P and p satisfy the following 
conditions: 


(a) “Ric = (n — l)(cia^ -|- C2/3^)r, 

(&) nj = 0 , 

(c) Sj = 0, 

(d) Uj = (ci -h C 2 b^){bibj - aijb^)T, 

(e) p satisfies 

0 = (ci + C 2 s") + (ci + -Q^ + sQQ') + Q'^b^ + 2Qs}, 

( 3 ) 

where h := a'^^bibj, ci and C 2 are constants, r := r{x) is a scalar function, 
tij 1 = Sim^j and 

Q ■■= —-—, 

^ P-sP’' 

Then F is Ricci-flat. 


The equation m is an ordinary differential equation. It is of first order in Q 
and second order in p. According to the ODE theory, the local solution of m 
exists nearby s = 0 for any given initial conditions. But we are unable to express 
it in terms of elementary functions and we are unable to show that the solution is 
defined on an interval containing [—b,b] . Thus the (o:,/3)-metric F = ap{p/a) de- 
hned by p might be singular. We can give the the following example taking C 2 = 0 
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in Theorem 1.1, then a, /3 satisfies Theorem 1.1 (a)-(e). Then for any (j) = (j){s) 
satisfying (ED, we obtain a (possibly singular) Ricci-flat {a, /3)-metrics. 

Example 1.1. Let F = a + P he the family of Randers metrics on con¬ 
structed in [2] (see also [7]). It is shown that rij = 0 and Sj = 0. Thus for any 
(7°° positive function 0 = 0(s) satisfying (EDi the (a,/3)-metric F = a(j)[P/a) has 
vanishing ^'-curvature. 


2 Preliminaries 


A Finsler metric on a manifold M is a nonnegative scalar function F = F{x,y) 
on the tangent bundle TM, where a; is a point in M and y G T^M is a tangent 
vector at x. In local coordinates, the geodesics of a Finsler metric F = F{x, y) are 
characterized by 


d^x' 

~di? 


+ 2G^(.,f)=0, 


where 

C* := ^9'^\x,y)^[F\kyi{x,y)y'" - [F\i{x,y)^, (4) 

where gtj = \ [F'^\yiyD. The local functions G* on TM define a global vector field 


B B 

G = y^^-2G^^. 
Bx^ By'^ 


The vector field G is called the spray of F and the local functions G* = G’'{x,y) 
are called spray coefficients of F. 

For any x E M and y G TxM\{0}, the Riemann curvature Rj, : TxM —>• TxM 
is defined by Rj/(u) = ffi'i^{x,y)u’^-£p;\x, where 


R\, = 2 


BG^ 


B^G^ 


^ ^ dx^ Bx'^By^ 

Then the Ricci curvature is given by 


y"" -h 2G” 


Ric = 2 


3G^ 


B^G^ 


-y'^ -b 2G’’ 


a^G* 

BG* 

BG^ 

By'mQyk 

Bym 

By^ 

B^G^ 

BG^ 

BG^ 


dx^ Bx'^By^ By'^By'^ dy^ dy^ 

An (a, /3)-metric on a manifold M is a scalar function on TM defined by 


F := a(j){s), s = —, 
a 

where (j) = (j){s) is a G°° function on {—bo, bo), a = ■^aij{x)y'^y^ is a Riemannian 
metric and p = bi{x)y^ is a 1-form with b{x) := ||/3x||a < bo. It can be shown that 
for any Riemannian metric a and any 1-form P on M with b{x) < bo the function 
F = a(j){P/cy) is a (positive definite) Finsler metric if and only if p satisfies 

4>{s)>0, 4>{s) - s4>'{s) + {p^ - s'^)4>"{s) > 0, (|s|<p<6o)- (5) 
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Let 

^ij ■= ■” ~ 

rj:=6Vij, sj-.= b^Sij, 

where ” |” denotes the covariant derivative with respect to the Levi-Civita connec¬ 
tion of a. By the spray coefficients G* of F are given by the following Lemma. 


Lemma 2.1. ([3]) For an (a,/?)-metric F = a(f){s),s = P/a, the spray coeffi¬ 
cients of F are given by 


Qi _ aQi _j_ ^ 0{roo — 2Qaso}— + 'F{roo — 2 Qq;so}6*, (6) 

a 


where “G* are the spray coefficients of a, 


Q-.= 


4> — s(j}' ’ 


Q-sQ' 

2A 


F := 
A ■= 


9L 

2Z\’ 

1 -|- sQ -|- {h 


'■)Q' 


and s^j := stj := aihS^. The index ”0” means contracting with y, for 

example, s*o := := Siy\sijy^ := := soijr-oo := rtjy^yF 


3 Proof of Theorem 1.1 

In this section we prove Theorem 1.1. Throughout this section, we assume that 
the dimension is greater than two. First we give the following Lemma. 

Lemma 3.1. Let F = a(j){P/o) be an (a,/3)-metric on an n-dimensional man¬ 
ifold M, n > 3. Suppose that a = aij{x)y^yi and /3 = bi{x)y^ satisfy the 
conditions of Theorem 1.1 (b) and (c), then the following equations are satisfied: 

Sofm = (^ - l)(Cl + C2 &^)t/3 (7) 

where r = t{x) is a scalar function and ci and C 2 are constants. 

Proof: By Ricci identities, we have 


^j\k\i ^j\i\k ^ ^jmki' 
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On the other hand, 




-b 


k\j\i 


^j\k\i — ‘^f'kj\i- 


Adding all the equations above, we get 
1 


^ij\k rfi.^'iijlk ^j\i\k') ^ ^kmij ‘^ik\j '^kj\i’ 


( 8 ) 


The condition (6) in Theorem ([S]) helps one to rewrite the above equation as 
follows: ^ 

^ij\k 7){^^\j\k ^j\i\k) ^ ^kmij • 


Hence, 

m -n . I m m 

■^Olm “ " RlCrraO + ~ ^0|m' 

The condition (b) in Theorem 1.1, (IIOII implies the following: 

m im^ r> • 

^0|m — ^ R-lCmO- 

The condition (o) in Theorem (ED implies the following 

Ricij = Ric) 

\ 2 / 


( 9 ) 

( 10 ) 

( 11 ) 


(n - l)^ciaij -h C 2 brbj^T, 


and we obtain: 


6"* Ricmo = (n- l)(ci -h C2b )t/3. 
Hence, the equation in 0 follows from equations (CH) and m- 


( 12 ) 

(13) 


□ 


Next, we compute the Ricci curvature of the (a, /3)-metric under the conditions 
(a) — (e) of the Theorem 1.1. By Lemma 2.1, the spray coefficients of F can be 
written as 

G* = °‘G + T\ 


where 


T = aQsl 

It is well known (0) that the curvature tensor can be written as 


(14) 

(15) 


(16) 

(17) 


where 

m ■■= 2T|\ - T|;-,fc2/^ + 2T^T.(,.fc - 

and and ” |” mean vertical covariant derivative and horizontal covariant deriva¬ 
tive with respect to a, respectively. Then 


Ric = “Ric + Hi, 
where “Ric denotes the Ricci curvature of a and 
Hi := 27^* - 


(18) 


(19) 
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To compute the Ricci curvature uuder the couditious rij = 0 aud sj = 0, we 
need: 


h\j = Sij, yiSo=0, yiSo|j = 0, = 0, 

yi^Ojj ~ ~ 0 ; ~ “ —SijSg. 

We can also easily get 

s.i = ^-s^, s.^b' = - s^), 


s.iy^' = 0, s.iSo = 0, s.iSojj = - 


SijSQ 


^ _ _bjVi _ b^yJ ^yiVj _ a 

^•i‘i - q q“t “00 . Sr, 

VO 


a'^ 
s 


32_ 


S.j.iSb — S.j.iSQSQ — --^sjoSq. 


( 20 ) 


( 21 ) 


( 22 ) 


S1 2 ^ ; ^{iV 0 0; 

i SijSQ i j S j 

^ ! S.j.iSqSq — -^^SjQSq 


Sij SQjlJi 
a 


(23) 


Using the above identities in (12311 . the equation T|* = aQ's\iS})+aQsQ^^ is simplihed 
to 


T'\i — Q soiSq + aQsop. (24) 

The identities in (EH) and (Eai) are used in 
T^j = (y.Q s|jSo + (y.QsQ\j, 

s.iS^jSQ + (y.Q s^j.iSQ + ciQ s\jSi + —Qsqi^j + ciQ s.iSQ^j + o'Qs 


to get the following simplified equations: 


T|V, = aQ'^-aQ'^, 

a a 


(25) 


= 0 . 

We further have 

= ^Qsl + aQ's.jsl + aQs}, 

'’a 

T)., = (^ - ^)qsI + ^Q's.^sh + ^Qsl + ^Q's.,sl + aQ"s..s.js}, 

\ a a'^ / a a a 

-\-olQ s.j.iSQ + olQ s.jSi + —Qsj + (y.Q s.iSj, 

= aQs^ff^ - ^)Qsh + ^Q's.^sl + ^Qs] + ^Q's.jsh + aQ"s.^s.Jsl 
V \ a a’^ J a a a 
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Using the identities in (EOl), (Ell). ESI) and El, we get: 

= Q^Sioso - sQQ'sjosl -h Q^sls° - sQQ's^s^. 

Using the fact that s° = —sjo, we obtain the following simple equation: 

= 0 . (26) 

After multiplying the following equations: 

rpi _ y3_Qgi- _j_ g _|_ cy.Qsj, 

T^i = ~Q^o + aQ's.isl + aQs{, 

and then simplifying them we get 

= ‘IQ soiSQ — 2sQQ soiSo ~f~ o; Q (27) 

Plugging (1^ . (IMll and into m, we obtain 

m = 2(Q' - + sQQ')too - a^QhZ + 2 QQsj,p, (28) 

where too = , too = (ci + C 2 b^){s^ — b^)Ta^. Hence HI and also Ric are 

expressed as follows: 

Hi = {ci + C2b'^)T^2lQ'-Q"^ + sQQ'){s'^-b'^) + {n-l)Q‘^b^ + 2{n-l)sQ'^a^. (29) 
and 

Ric = “Ric + ra^r (30) 

where 

r := (ci -h C 26 ^){ 2 (Q' -Q^ + sQQ'){s^ - b^) + {n - l)Q^b^ + 2{n - l)s(5}. (31) 
Thus Ric = 0 if and only if 

(n — l)(ci -|- C 2 S^)Ta^ -|- -T = 0 (32) 

We can rewrite El as ©. □ 
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